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Abstract
The Ljusternik–Schnirelmann–Borsuk theorem for antipodal maps on the sphere can be stated
as an intersection property of coverings of the sphere. We generalized this theorem to free finite-
group actions on paracompact Hausdorff spaces and discuss how this result might be improved. We
illustrate our results by a free action of the Klein four-group on the torus.
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1. Introduction
All group actions are free left actions and all groups are finite. All spaces under
consideration are paracompact Hausdorff and the dimension function is the covering
dimension.
This paper is motivated by a results on a combinatorial invariant of fixed-point free maps
called the color number. This number has been defined first for antipodal maps on the
sphere, and it appears to have been first studied by Steinlein in a more general setting [19].
The color number is defined as the minimal cardinality of an open cover which satisfies
a certain disjointness property. Upper bounds on the color number are given in [2,3,8,
17]. These bounds are obtained by reducing the number of open sets of a covering, until
in the end the order of the covering obstructs a further reduction. The obstruction can
be interpreted as an intersection property which generalizes the Ljusternik–Schnirelmann
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theorem. We introduce two intersection numbers, which coincide for Z2 actions on the n-
sphere, but which may be different for group actions on general spaces. The intersection
numbers are related to invariants from combinatorial group theory. We give estimates of
the intersection numbers. It is likely that our estimates can be improved under connectivity
conditions on the topological space and we give examples to support this.
Let G be a finite group which acts freely on a space X, i.e., the translations x → g · x
are fixed-point free for g = e. Let G∗ denote G \ {e}. We say that an open subset U of X
is a color if U ∩ g · U = ∅ for all g ∈G∗ and we shall say that a cover U of X by colors
is a coloring. If (X,G) admits a finite coloring, then the color number col(X,G) is the
minimal cardinality of a coloring. If U is a color, then the set G ·U =⋃g∈G g ·U is called
a set of the first kind and G ·U is said to be generated by the color U . As G is a group, the
collection {g ·U | g ∈G} is pairwise disjoint. The space X together with the group action
is usually called a G-space.
Definition 1. Suppose that X is a G-space and let U be a color. We say that a set G · U
is a set of the first kind. The genus gen(X,G) is defined as the minimal cardinality of a
covering of X by sets of the first kind.
If G is cyclic, then the action is generated by a self-homeomorphism f and we shall
denote the genus by gen(X,f ) in this case.
Theorem 2 (Ljusternik–Schnirelmann–Borsuk). Let ι :Sn → Sn be the antipodal map on
a sphere of dimension n 1. The following equivalent statements hold.
(i) gen(Sn, ι)= n+ 1 for the Z2 action induced by the antipodal map ι.
(ii) col(Sn, ι)= n+ 2.
(iii) Suppose that {Ui ∪ ι(Ui) | i = 1, . . . , n+ 1} is a cover of Sn consisting of sets of
the first kind. Then ⋂n+1i=1 Ui = ∅.
For a proof see for instance [7, p. 42]. This classical result has been generalized in many
ways and there is an extensive literature on the subject [20]. The notion of the genus of a
set was introduced by Krasnoselskiı˘ [13] who generalized part (i) of Theorem 2 to cyclic
group actions on Sn.
Theorem 3 (Krasnoselskiı˘). gen(Sn, f ) = n + 1 for any free cyclic-group action on an
n-dimensional sphere, generated by the self-homeomorphism f .
The equivalence of (i) and (ii) in Theorem 2 was generalized to G-spaces in [9,
Theorem IV.21] and in [5].
Theorem 4. Suppose that X is a paracompact G-space. The following statements are
equivalent.
(i) gen(X,G)= n+ 1;
(ii) col(X,G)= n+ |G|.
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Suppose that a G-space X of gen(X,G)= k is covered by k sets of the first kind G ·Ui
for i = 1, . . . , k. Represent these sets in a |G| × k matrix, where each column represents
the translates g · Ui for some Ui . In the special case of an involution on a sphere, each
column has two entries and according to the Ljusternik–Schnirelman–Borsuk theorem, by
choosing one entry from every column, we obtain k sets with a common element. For a
general G-space we now ask how many elements we have to choose per column to obtain
a common element, or conversely, how many elements can be deleted per column without
getting an empty intersection.
Definition 5. Suppose that X is a G-space of genus k and that m k. A collection of m
subsets Vi ⊂ G for i = 1, . . . ,m is an intersection family with respect to X if for every
choice of open colors Ui for i = 1, . . . ,m such that the sets of the first kind G ·Ui cover X
we have that
⋂m
i=1 Vi ·Ui is non-empty.
Suppose that X is a G-space of genus k, then we shall say that a subset V ⊂ G is
an intersection set (with respect to X) if the collection Vi = V for i = 1, . . . , k is an
intersection family. The Ljusternik–Schnirelman–Borsuk theorem implies that {e} is an
intersection set for any Z2-space. We shall say that A⊂G is an intersection set if it is an
intersection set for any G-space.
Example 6. The Ljusternik–Schnirelman–Borsuk theorem implies that {e} is an intersec-
tion set for a Z2 action on Sn.
Suppose that Vi ⊂ G and that X is a G-space. In this paper we study the following
two problems. What is the minimal number c such that each family with |Vi |  c is an
intersection family? What is the minimal number d for which there is an intersection family
with |Vi | d? These questions are easier stated by means of the following definitions.
Definition 7. Suppose that X is a G-space of genus k. The maximal intersection number
M(X,G) is the smallest integer such that |Vi | > M(X,G) implies that the collection
{Vi | i = 1, . . . , k} is an intersection family. The minimal intersection number m(X,G)
is the smallest integer such that there exists an intersection family of sets |Vi |m(X,G).
Example 8. Consider the union of two circles X = S1 × {1,2} under the Z4 action
generated by the homeomorphism (x,1)→ (x,2) and (x,2)→ (ι(x),1), where ι denotes
the antipodal map. One verifies that the genus of this action is equal to 2. If U1,U2 ⊂ S1
are colors for ι, then U1 × {1} and U2 × {2} generate sets of the first kind covering X. One
verifies that {0,1} ⊂ Z4 is an intersection set, but {0,2} is not. It follows that m(X,Z4)= 2
and M(X,Z4)= 3.
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2. Elementary properties of intersection numbers
Let X be a G-space. We shall reserve the symbol k for the genus of X and the symbol r
for the order of G. The following observation is useful.
Proposition 9. Suppose that X is a G-space and that Vi is an intersection family. Choose
an element gi ∈G for every Vi . Then the translated family giVi is an intersection family
as well.
If a collection Vi forms an intersection family for a G-space X, and if f :X→ Y is an
equivariant map, then the Vi form an intersection family for Y , provided X and Y have the
same genus. This has the following consequence for the intersection number.
Proposition 10. If X and Y are G-spaces of the same genus and if f :X → Y is
equivariant, then M(X,G)M(Y,G) and m(X,G)m(Y,G).
For each natural number k there exists a G-space SkG of genus k with the universal
property that any G-space X of genus k can be mapped equivariantly f :X → SkG.
Proposition 10 implies that the minimal intersection numbers for G-spaces of genus k
are equal to M(SkG,G) and m(S
k
G,G).
Example 11. Suppose that X is a G-space of genus 2. For any cover X =G ·U ∪G · V
by two sets of the first kind, there exist g,h ∈ G such that gU ∩ hV is non-empty or,
equivalently, U ∩ g−1hV is non-empty. If A⊂ G has the property that A−1A = {a−1b |
a, b ∈A} is equal to G, then A is an intersection set.
Sets with the property that A−1A=G are called difference sets in combinatorial design.
It is know that if G = Zr for r = n(n − 1), then there exists a difference set of n
elements [15], which implies that m(X,Zr )
√
r + 14 + 12 in this case.
3. The universal G-space
A G-space X of genus k is universal if for any G-space Y of genus k there exists
an equivariant map f :Y → X. It is well known that universal spaces exist, even in the
category of topological groups [16]. For completeness sake, we shall exhibit some of the
properties of universal G-spaces.
For two simplicial spaces X and Y , recall that the join X ∗ Y is the simplicial space
realized by all simplices [x1, x2, . . . , xk, y1, y2, . . . , ym] for simplices [x1, x2, . . . , xk] and
[y1, y2, . . . , ym] in X and Y , respectively. If X and Y are G-spaces, then so is X∗Y . The k-
fold join G ∗G ∗ · · · ∗G is the simplicial space realized by all [g1, g2, . . . , gk] with gi ∈G
for i = 1, . . . , k. The G-action on the join is induced by gi → ggi on the vertices.
Definition 12. The k-fold join G ∗ G ∗ · · · ∗ G with the standard action is a G-space,
denoted by SkG.
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Please note that for G= Z2 we have that SkG = Sk−1, which might be a little confusing.
SkG is a (k − 2)-connected, (k − 1)-dimensional ANR and it is a universal space for free
G-actions.
Theorem 13. Suppose that gen(X,G) k. Then there exists an equivariant map from X
to SkG.
By lack of a suitable reference, we outline a proof that gen(SkG) = k. We need the
following result on the relation of the genus and the covering dimension is of a standard
type originally obtained by Schwarz [18]. A proof can be found in [10] for cyclic group
actions, although the proof also works for our case.
Theorem 14. Suppose that X is a paracompactG-space of dimX = n. Then gen(X,G)
n+ 1.
Observe that the universality of SkG implies that if there exists a G-space of genus k, then
it follows that gen(SkG,G)= k.
Lemma 15. If gen(X,G) k then gen(X ∗G,G) k + 1.
Proof. According to Theorem 13 there exists a G-equivariant map from X to SkG. This
induces an equivariant map from X ∗ G to SkG ∗ G = Sk+1G . As this is a k-dimensional
space, Theorem 14 implies that gen(X ∗G,G) k + 1.
Lemma 16. gen(Sk
Zp
,Zp)= k for n ∈N and prime p.
Proof. Theorem 3 and the universality of SkG settle the case that k is even. We argue by
contradiction and suppose that gen(Sn
Zp
,Zp) n for some even value of n. By Lemma 15
we have that gen(Sn+1
Zp
,Zp) n+ 1, which is untrue since n+ 1 is odd.
Theorem 17. gen(SkG,G)= k.
Proof. We argue by contradiction. If gen(SkG,G) < k then there exists a G-equivariant
map from π :SkG → Sk−1G by Theorem 13. Let H be a cyclic subgroup of prime-order
of G. Then SkH is naturally embedded as a subspace in S
k
G. Furthermore S
k−1
G is a H -space
by restriction of the group action. The restriction of π to the subspace SkH gives a map
π :SkH → Sk−1G which is H -equivariant. Theorem 14 implies that gen(Sk+1H ,H)  k but
this contradicts Lemma 16.
We say that a space X is k-connected if its first k homotopy groups are trivial πj (X)= 0
for m = 0, . . . , k, equivalently, any map f :Sm → X is null homotopic. The following
result now says that a universal G-space is characterized by its k − 2 connectivity.
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Theorem 18. Suppose that X is a (k − 2)-connected G-space. Then there exists a G-
equivariant map f :SkG →X and as a consequence gen(X,G) k.
Proof. This follows from the definition of SkG by induction.
We denote M(SkG,G)=M(k,G) and m(SkG,G)=m(k,G).
Corollary 19. For a (k − 2)-connected G-space X of genus k, we have that M(X,G)=
M(k,G) and m(X,G)=m(k,G)
We now show that the intersection numbers are non-decreasing with increasing genus.
Lemma 20. For k1  k2 we have that m(k1,G)m(k2,G) and M(k1,G)M(k2,G).
Proof. We show this for k1 = k and k2 = k + 1. Since SkG is the ‘equator’ in Sk+1G , any
covering G · Ui of SkG can be extended to Sk+1G by swelling the Ui and adding one set of
the first kind that covers the ‘poles’ of Sk+1G . Observe that the Vi for i = 1, . . . , k form an
intersection family for SkG, if and only if the Vi joined by Vk+1 =G form an intersection
family for Sk+1G . This implies that M(k,G)M(k + 1,G). On the other hand, if the Vi
would not form an intersection family for SkG, then no matter what choice of Vk+1 this can
never be an intersection family for Sk+1G . This implies that m(k,G)m(k + 1,G).
4. Main theorem
Condition (iii) of Theorem 2 is equivalent to the statement that {e} is an intersection set
for Z2-actions. This can be generalized as follows.
Theorem 21. Suppose that X is a paracompact G-space with gen(X,G)= k. The family
Vi ⊂G for i = 1, . . . , k defined by V1 = {e} and Vi =G∗ forms an intersection family.
Proof. By contradiction. Suppose that the Vi do not have the intersection property. Then
there exist k open colors Uj such that the sets of the first kind G · Ui cover X but the
intersection of all the Vi ·Ui is empty. In other words
U1 ∩
[
k⋂
j=2
{ ⋃
g∈G∗
g ·Uj
}]
= ∅. (1)
We show that this implies that gen(X,G)  n. Let Kj ⊂ Uj be a closed shrinking such
that the Kj generate sets of the first kind that still cover X. For 2 j  n+ 1 define
Bj =Kj ∪
[
K1 ∩
{ ⋂
g∈G∗
g · (X \Uj)
}]
.
Observe that the union of the Bj for j = 2, . . . , n+ 1 contains K1 by our assumption (1)
and so they cover X. The Bj are k − 1 closed colors that generate closed sets of the first
kind that cover X, contradicting that gen(X,G)= k.
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Corollary 22. G∗ ⊂G is an intersection set and M(X,G) |G| − 1.
Suppose that G ·Ui for i = 1, . . . , k form a covering of X by sets of the first kind. The
k-tuples (g1, g2, . . . , gk) for which the intersection
⋂
i giUi is non-empty form a subset of
Gk which is invariant under the G-action (g1, g2, . . . , gk)→ (gg1, gg2, . . . , ggk). Hence,
the k-tuples with non-empty intersection form equivalence classes under the G-action. By
a suitable choice of the Ui we may assume that the equivalence of (e, e, . . . , e) has non-
empty intersection. Theorem 21 states that there is at least one more equivalence class with
a non-empty intersection. We come back to this in Section 6.
Remark 23.
(1) We did not use the group structure in the proof of Theorem 21, which remains valid
under the weaker assumption that G is a finite set of homeomorphisms φi such that
φ−1i φj is fixed-point free if i = j . Below we shall use counting argument which also
remain valid for finite sets of homeomorphisms.
(2) Condition (ii) of Theorem 21 implies that for a group of order r and a space of
genus k there exists an intersection family such that the sum of the cardinalities∑
i |Vi| = (k − 1)(r − 1)+ 1. This bound does not guarantee that the Vi form an
intersection family. Indeed, if we choose all V1 = ∅ and all other Vi equal to G,
then the sum of the cardinalities is (k − 1)r . Our counting arguments below shall
be valid for the sum of the cardinalities and this shows that by just counting, we
cannot get better results than
∑
i |Vi | (k − 1)r + 1, or equivalently, estimates of
M(X,G) (k−1)r+1
k
.
5. The maximal intersection number
Let U be a family of subsets of a space X, then ord(U) is defined as the maximal
cardinality of a subset V ⊂ U such that the sets in V contain a common element of X.
The following is an immediate corollary of statement (ii) of Theorem 21.
Corollary 24. Suppose that X is a paracompact G-space of gen(X,G) = k. Then
ord(U) k for any finite covering U by sets of the first kind.
We use Corollary 24 to obtain an upper bound on M(X,G) by a counting argument.
Theorem 25. Suppose that X is a G-space of gen(X,G)= k for a group of order |G| = r .
Then M(X,G) (k−1)r+1
k
.
Proof. Suppose that G · Ui is a covering of X by sets of the first kind. Its order is k by
Corollary 24. In particular there exist gi ·Ui with non-empty intersection for i = 1, . . . , k.
If for some family Ai the translates Ai ·Ui do not contain a common element, then neither
do the Ai · g−1i by Proposition 9. The upper bound now follows from the pigeon-hole
principle.
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We now give examples to show that the upper bound (k−1)r+1
k
cannot be improved
without further conditions.
Example 26. All examples concern a Z2k action on a space of genus k and a family
|Ai| = 2k − 2 that does not have the intersection property. The bound of Theorem 25
as a rounded integer is 2k− 1 in this case.
(1) Let ι :Sk−1 → Sk−1 be the antipodal map. The transformation φ :Sk−1 × Zk →
Sk−1 × Zk defined by φ(x,0)= (ι(x), j + 1) and φ(x, j)= (x, j + 1) for j = 0 induces
a cyclic action of order 2k and genus k. The space Sk−1 × Zk is a topological sum of k
spheres. A set of the first kind intersects each copy of Sk−1 twice. Let Zk ·Ui be a covering
by k sets of the first kind. For each index i choose the subset Ai ⊂ Zk+1 such that Ai ·Ui
contains all translates of Ui except the two translates in the ith sphere. Then |Ai| = 2k− 2
and
⋂k+1
i=1 Ai ·Ui = ∅.
(2) It is possible to adapt the construction to produce connected spaces, provided that
the genus is greater than 2. Consider the Z6 action on S2 ×{1,2,3} as in the first example.
Connect a point (x,1) ∈ S2×{1} to a point (y,2) ∈ S2×{2} by an arc α1, for x = y . Attach
arcs αi for i = 1, . . . ,6 between the translates of (x,1) and (y,2) to get a Z6-space X,
which is the topological sum of three spheres S2 with 6 arcs attached between consecutive
copies of S2. In particular, X is a 0-connected space. One verifies that gen(X,Z6) = 3
since two of the open subsets can be extended such that the translates Z6 · Ui also cover
the arcs. The intersection Ai ·Ui then remains empty.
(3) Essentially the same construction can be carried out for k > 3 to obtain (k − 3)-
connected spaces, by gluing in higher-dimensional cells. The idea is that if the space that
is glued in remains below dimension k, then we can cover it by k − 1 sets of the first kind.
The intersection of k sets Vi ·Ui then is automatically disjoint from the glued-in space.
For k = 3 we attached arcs to S2 × Z3 and this also works for Sk × Zk+1, which give
a connected Z2k+2 space Xk . The attached arcs αi can be joined by arcs that connect the
end-point of αi to the begin-point of αi+1 within the proper copy of Sk . We obtain a simple
closed curve J that contains all αi . One verifies that the join of J and k−3 copies of Z2k+2
has genus k − 1. It is a (k − 3)-connected space which can be glued to Xk along J . The
result is a (k − 3)-connected Z2k-space of genus k which still has the same intersection
property as in Example 1 above.
In the special case that X is a connected G-space of genus 2, Theorem 25 can be
improved, as we shall show now. First we need two more pigeon-hole type propositions.
Proposition 27. Suppose that G is a group of order r and that A1,A2 ⊂ G each
contain at least r2 elements. Denote the difference set {a1a−12 | a1 ∈ A1, a2 ∈ A2} by
A1A
−1
2 . If A1A−12 =G, then there exists an element g ∈G such that A1 ∪ gA2 =G and
A1 ∩ gA2 = ∅.
Proof. Observe that g /∈ A1A−12 is equivalent to A1 ∩ gA2 = ∅ and by the pigeon-hole
principle A1 ∪ gA2 =G.
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A G-space of genus 2 and a group of order |G| = r is naturally associated to a regular
bipartite graph. Indeed, let G ·U ∪G · V be a covering by two sets of the first kind. Let G
be the graph with vertex set {gU | g ∈G} ∪ {gV | g ∈G} and connect vertices g1U,g2V if
g1U ∩ g2V = ∅. Since each translate of U intersects the same number of translates of V ,
the graph is bipartite and regular.
Proposition 28. Suppose that G is a k-regular bipartite graph and that H ⊂ G is a k-
regular subgraph, then G is the disjoint union of H and its complement.
Lemma 29. M(2,G)  r2 for a group of order r .
Proof. We show that M(X,G) r2 for a connectedG-space X and argue by contradiction.
Suppose that A1 · U ∩ A2 · V = ∅ for subsets of cardinality |A1|, |A2|  r2 . It follows
that A1A−12 = G so by Proposition 27 there exists a g ∈ G such that gA2 is equal to
the complement of A1. In particular, |A1| = |A2| = r2 . Denote the complement of A2 by
Ac2. Consider the k-regular bipartite graph G associated to the G-space and its subgraph
H with vertex set {gU | g ∈ A1} ∪ {gV | g ∈ Ac2}. Since |A1| = |A2| this must be a k-
regular subgraph of G. By Proposition 28 Ac1 · U ∩ Ac2 · V = ∅, whence the open sets
A1 ·U ∪Ac2 ·V and Ac1 ·U ∪A2 ·V form a disjoint covering by two open sets, contradicting
the connectivity of X.
Question 30. Is M(k,G) (k−1)r
k
?
6. The minimal intersection number
Suppose that G · Ui is a covering of X by k sets of the first kind, and let (gi)→ (ggi)
be the G-action on the Cartesian product Gk . Theorem 21 states that there are at least two
equivalence classes in Gk for which
⋂
i gi · Ui is non-empty. If Ai form an intersection
family with respect to X, then A1 ×A2 × · · ·×Ak has to intersect at least one equivalence
class of Gk with non-empty intersection. If r denotes the order of the group, then there
are rk−1 equivalence classes. Suppose that Theorem 21 is sharp and there are no more
than 2 equivalence classes with non-empty intersection. Then one would expect that
A1 × A2 × · · · × Ak has to have cardinality at least equal to rk−1 − 1. In other words,
one would expect a minimal intersection number in the order of m(X,G)= r k−1k .
Our first result shows that for Zr -actions we can attain a minimal intersection number
of r
k−1
k
. Our next result shows that the minimal intersection number can be much smaller,
under connectivity conditions on the space and algebraic conditions on the group.
Theorem 31. Suppose that X is a Zr -space of genus k and that r = nk . Then m(X,Zr )
nk−1.
Proof. For i = 0, . . . , k − 1 define the subset
Vi =
{
a | o a  ni − 1 mod ni+1}⊂ Zr .
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These are sets of cardinality nk−1 so it suffices to show that they form an intersection
family. Denote the product V0 × V1 × · · · × Vk−1 by V . It is a subset of the product Zkr ,
which is a Zr -module under the standard action of coordinatewise addition. If we can show
that Zr · V = Zkr then we are done by Proposition 9. Let xi, yi ∈ Zkr for i = 1, . . . , k. By
counting the cardinality of V , one verifies that it suffices to show that z ∈ Zr and xi, yi ∈ V
the equality xi = z + yi implies xi = yi . Since x0 = z + y0 and V0 is a group, we have
z ∈ V0. Since x1 = z+ y1 and z ∈ V0, one verifies that z ∈ V1, etc. Since the intersection of
all Vi is {0}, we are done.
Theorem 32. Suppose that G is a group of order r that contains an element of order 2.
The minimal intersection number satisfies m(k,G) r2 .
Proof. Suppose that X is a (k − 2)-connected G-space. Let g ∈G be an element of order
2 and let H ⊂ G be the subgroup {e, g}. Take V to be a set of representatives of left
cosets of H in G. Observe that gen(X,H)= k by Theorem 18. We claim that this V is an
intersection set. Suppose that G · Ui are sets of the first kind that cover X. Then the open
sets V ·Ui are colors under the H -action. By Theorem 21 the collection of k singletons {e}
satisfies the intersection property with respect to the H -action. It follows that
⋂
V · Ui is
non-empty.
Question 33. It is natural to ask whether in Theorem 32 the translates V · Ui have a
common element for any subset |V | = r2 . So the question is, whether M(r,G)  r2.
The reader may consult [11] for an interesting Z4-action on S3.
7. An action of the Klein four-group on the torus
The bound m(k,G)  r2 of Lemma 32 is not valid for m(X,G) if X is not (k − 2)-
connected, as we shall show now for an action of the Klein four-group V on the torus.
Represent the torus T 2 as an additive group R/Z×R/Z and let V= {id, σ1, σ2, σ3} be the
Klein four-group of three commuting involutions that act on the torus as follows:
σ1(x, y)=
(
x + 12 , y
)
,
σ2(x, y)=
(
x, y + 12
)
,
σ3(x, y)=
(
x + 12 , y + 12
)
.
Note that the quotient space of T 2 under this group action is again a torus τ 2. We claim
that gen(T 2,V) = 3, but in order to prove this we need a few standard propositions. We
consider the torus as a pointed space with a base-point in the origin. For a closed path γ
we denote the path that goes around γ twice as γ 2.
Proposition 34. If γ is a non-contractible path in T 2, then γ 2 is not homotopic to a simple
closed curve.
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Proof. This follows from the observation that the homotopy classes of π1(T 2) = Z⊕ Z
that contain a simple closed curve are exactly the pairs (n,m) for which n and m are
relatively prime.
Proposition 35. Let q :T 2 → τ 2 denote the quotient map of T 2 onto T 2/V. A non-
contractible path γ in T 2 is mapped onto a self-intersecting curve q(γ ) in τ 2.
Proof. The induced map π(q) :π1(T 2)→ π1(τ 2) between the fundamental groups is the
linear map x→ 2x on Z⊕Z. By the previous proposition, the image q(γ ) is not a simple
closed curve.
Lemma 36. If the torus is the union of two open subsets, then one of these subsets contains
a non-contractible simple closed curve.
Proof. Suppose that T 2 = A ∪ B for open subsets A and B . By shrinking and swelling,
we may assume that there exists open subsets U ⊂ A and V ⊂ B such that cl(U)⊂A and
cl(V )⊂ B . Lift U and V to the universal cover R2 to obtain open subsets U˜ and V˜ whose
union is R2. Write U˜ =⋃ U˜i and V˜ =⋃ V˜j with U˜i and V˜j the arc components. Each
point in R2 is contained in at most one of the U˜i and at most one of the V˜j . So the cover
by U˜i and V˜j has order 2.
First we show that the diameter of the arc components is unbounded. Suppose that there
is an upper boundm on the diameter of U˜i and V˜j . By scaling, we obtain covers of R2 with
arbitrary small mesh of order 2. Then dimR2  1, a contradiction. So the diameters of the
arc components are unbounded. Without loss of generality we may assume that there exists
a sequence of paths γ˜j ⊂ U˜ unbounded in diameter. Furthermore, the diameter is attained
by the begin-point and the end-point of the path. Denote the projection on the torus by γj .
By choosing a suitable subsequence we may assume that the begin-point and the end-point
of the γj converges respectively to b and e. We have that b, e ∈ cl(U)⊂A. For sufficiently
large index j we may connect the begin-point and the end-point of γj to b and e within
an ε-neighborhood of A. So we may assume that the γj are paths in A with begin-point b
and end-point e, such that their lifts γ˜j are unbounded in diameter. By choosing suitable
indices j1, j2 we obtain a non-contractible closed curve γj1 ∪ γ−1j2 .
Lemma 37. The genus of the group-action V× T 2 → T 2 is equal to 3.
Proof. Theorem 14 implies that the genus is not greater than 3. Suppose that the genus is
smaller than 3, so T 2 can be covered by two sets of the first kind U and V . The quotient
space τ 2 = T 2/V is again a torus and the images of U and V under the quotient map cover
τ . According to the previous lemma, at least one of these images contains a non-trivial
simple closed curve. However, lifted to T 2 this would give a path, which according to
Proposition 35 cannot be closed. The path therefore has to connect the initial point p to
one of the translates σi(p). This contradicts that U and V are sets of the first kind.
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Fig. 1. The sets K ∪ σ1(K),L∪ σ1(L),M ∪ σ1(M).
We now show that it is impossible to delete 2 of the translates without getting an empty
intersection. Define the following closed subsets of T 2:
K = {(x, y) | 0 x, y  38},
L= {(x, y) | 516  x, y  1116},
M = {(x, y) | 58  x, y  1}.
One can verify that the translates of K,L,M cover the torus, but that the intersection of
the sets K ∪ σ1(K),L ∪ σ1(L),M ∪ σ1(M) is empty. These sets are shown in Fig. 1. By
swelling K,L,M we obtain open sets with the same intersection properties. In particular,
we have the following result.
Theorem 38. M(T 2,V)= 3.
By the symmetry of the four-group one easily shows that no sets of two elements
has the intersection property. However, we were unable to prove that the family
{id, σ1}, {id, σ2}, {id, σ3} has the intersection property.
Question 39. Is m(T 2,V) equal to 2?
8. Final remark
In Theorem 25 we obtained a bound on the intersection number M(k,G) from
Theorem 21 by using counting arguments. These arguments are valid for general G-spaces
and our examples show that the result cannot be improved under general conditions. In
particular we have not used the connectivity of the space nor the structure of the group.
It is likely that there are much better bounds on M(k,G) and m(k,G), as indicated by
Question 30 and Lemma 32.
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